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Abstract
Mining high-utility itemsets (HUIs) is one of the most important research topics in data mining because HUIs consider non-
binary frequency values of items in transactions and different profit values for each item. However, setting appropriate minimum
utility thresholds by trial and error is a tedious process for users. Thus, mining the top-kHUIs without setting a utility threshold is
becoming an alternative to determine all the HUIs. In this paper, we propose two algorithms, called the top-k high-utility itemset
mining based on cross-entropy method (TKU-CE) and TKU-CE+, for mining the top-k HUIs heuristically. The TKU-CE
algorithm is based on cross-entropy, and implements top-k HUI mining using combinatorial optimization. The main idea of
TKU-CE is to generate the top-k HUIs by gradually updating the probabilities of itemsets with high-utility values. TKU-CE+
optimizes TKU-CE in three respects. First, unpromising items are filtered by critical utility value, to reduce the computational
burden in the initial stage. Second, a sample refinement strategy is used in each iteration, to reduce the computational burden in
the iterative stage. Finally, smoothing mutation is proposed, to randomly generate some new itemsets in addition to those from
previous iterations. Consequently, diversity of samples is improved, so that more actual top-kHUIs can be discovered with fewer
iterations. Compared with state-of-the-art algorithms, TKU-CE and TKU-CE+ are easy to implement and avoid the computa-
tional costs that would be incurred by additional data structures and threshold-raising strategies. Extensive experimental results
show that both algorithms are efficient, memory-saving, scalable, and can discover the most actual top-k HUIs.

Keywords Top-k high-utility itemset . Cross-entropy . Critical utility value . Sample refinement . Smoothing mutation . Bit edit
distance

1 Introduction

The discovery of sets of items in transaction databases that
occur with high frequency, known as frequent itemset mining
(FIM) [22], is a major topic in data mining and has many

applications [8]. However, FIM has two main drawbacks.
First, the frequency metric in FIM does not reflect the profit
or utility of different items. Thus, items with low frequency
but high profit may be ignored. To solve this problem, high-
utility itemset mining (HUIM) [21, 31], which extends FIM, is
used to discover high-profit itemsets by considering both the
quantity and value of a single item. Various algorithms for
mining typical high-utility itemsets (HUIs) [4, 5], other useful
variations of HUIs [10, 14, 23, 32], and HUIM algorithms
under a new computing framework [35, 37], have been devel-
oped. Second, a minimum support threshold is required to
identify the qualifying itemsets. However, it is difficult for
non-expert users to set an appropriate threshold.
Consequently, top-k FIM has attracted the attention of re-
searchers [3, 34] because it considers the k most-frequent
itemsets as the mining target. The k value is a more intuitive
and direct parameter for users to set than the minimum
threshold.

Combining both HUIM and top-k FIM, top-k HUIM [30,
36] has emerged as a solution to the drawbacks of FIM
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outlined above. Top-k HUIM uses the same concept of utility
as HUIM; that is, an item’s utility is mainly reflected by the
product of its profit and occurrence frequency. As in the min-
ing of the k most-frequent itemsets, the k itemsets with the
highest utility values are the target of top-k HUIM. Wu et al.
[36] introduced the top-k HUIM problem, and proposed the
TKU algorithm for mining the top-k HUIs. TKU first deter-
mines candidates and then filters the actual top-k HUIs; this
implies that TKU is a two-phase algorithm. Two-phase
methods often generate too many candidate itemsets before
identifying the actual top-k HUIs. The candidate generation
process is quite expensive, particularly on transactional data-
bases with many transactions and distinct items. Therefore,
the TKO algorithm, which uses a one-phase procedure, was
proposed for mining top-k HUIs [33]. There are several other
one-phase top-kHUIM algorithms, such as TKUL-Miner [17]
and kHMC [7], that have also been proposed. In contrast to
two-phase algorithms, one-phase algorithms discover all the
top-k HUIs directly, without an expensive candidate genera-
tion process, by using structures such as utility lists or set
enumeration trees.

Regardless of whether top-k HUIM is performed using
a two-phase or one-phase algorithm, it is equivalent to
HUIM with the minimum utility threshold set to zero.
Therefore, the key techniques of these algorithms amount
to various threshold-raising strategies; that is, the mini-
mum utility threshold increases gradually as the interme-
diate top-k results progress. In this paper, we aim to use a
different strategy that does not require constant threshold
raising. We achieve this goal by using the cross-entropy
(CE) method.

The CE method is a combinatorial and multi-extremal op-
timization technique [2] that is applied in fields such as vehicle
classification [18], reinforcement learning [12], and neural
networks [1]. Like other heuristic techniques, the CE method
approaches the optimal values using an iterative procedure, in
which each iteration is composed of two phases: generating a
random data sample and updating parameters to produce bet-
ter samples in the next iteration. According to the number of
samples N, good results are retained and poor results are aban-
doned in each iteration. After many iterations, the best N re-
sults are obtained. This method is essentially consistent with
the top-kHUIM problem. Therefore, we use the CEmethod to
formulate the novel top-k HUIM algorithms proposed in this
paper.

This paper is an extended version of our conference paper
[30], in which TKU-CE was proposed. The contributions of
the present paper are as follows:

1) We formally model the top-k HUIM problem from the
perspective of combinatorial optimization, in which a bi-
nary vector is used to represent a possible solution and the
utility value is optimized directly.

2) We propose TKU-CE, which is a top-k HUIM algorithm
that performs typical CE optimization. In TKU-CE, the
top-k HUIs are discovered iteratively with a probability
vector (PV) that is initialized randomly. Within each iter-
ation, itemsets of the new sample are generated with the
current PV, and then a new PV is updated according to the
new sample; this uses the principle that items in itemsets
with higher utility values tend to have higher new proba-
bilities. Finally, the top-k HUIs can be identified after all
iterations terminate.

3) We propose TKU-CE+, which improves the baseline
TKU-CE algorithm in three respects. First, we prove that,
except for the k items with the highest utility values, other
items do not need to be further considered. This reduces
the memory usage. Second, only itemsets with high utility
values are retained and used to generate new itemsets in
each iteration. Therefore, the search space is reduced
gradually in each iteration. Finally, in addition to the
itemsets retained from previous iterations, some new
itemsets are also generated randomly. Consequently, the
diversity of the sample is improved and more accurate
top-k HUIs can be discovered in early iterations.

4) Finally, we use both synthetic and real datasets in exper-
imental evaluations. The experimental results show that
TKU-CE and TKU-CE+ are efficient and scalable, and
require less memory space. Furthermore, they can discov-
er more than 90% of the actual top-k HUIs, in most cases.

The remainder of this paper is organized as follows. We
formalize the top-k HUIM problem and the CE method in
Section 2. In Section 3, we review related work. We describe
the proposed TKU-CE and TKU-CE+ algorithms in detail in
Section 4. We present the experimental results on both syn-
thetic and real datasets in Section 5. In Section 6, we conclude
this paper.

2 Preliminaries

2.1 Top-k HUIM problem

Let I = {i1, i2,…, im} be a finite set of items. A set X ⊆ I is
called an itemset; an itemset that contains k items is called a k-
itemset. Let D = {T1, T2,…, Tn} be a transaction database.
Each transaction Td ∈ D, with the unique identifier d, is a
subset of I.

The internal utility q(ip, Td) represents the quantity of item ip
in transaction Td. The external utility p(ip) is the unit profit value
of item ip. The utility of item ip in transaction Td is defined as
u(ip, Td) = p(ip) × q(ip, Td). The utility of itemset X in transaction
Td is defined as u X ; Tdð Þ ¼ ∑ip∈X∧X⊆Td

u ip; Td
� �

. The utility of

itemset X in D is defined as u Xð Þ ¼ ∑X⊆Td∧Td∈Du X ; Tdð Þ. The
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transaction utility (TU) of transaction Td is defined as TU(Td) =
u(Td, Td).

The minimum utility threshold δ, specified by the user, is
defined as a percentage of the total TU values of the database,
whereas the minimum average-utility value is defined as
min_util = δ × ∑Td∈DTU Tdð Þ. An itemset X is called an HUI
if u(X) ≥min_util. Given a transaction database D, the task of
HUIM is to identify all itemsets whose utility is no less than
min_util. The set of all HUIs in D with respect to min_util is
denoted by fH(D, min_util).

An itemset X is called a top-k HUI in a database D if there
are fewer than k itemsets whose utilities are greater than u(X)
in fH(D, 0). Top-k HUIM aims to discover the k itemsets with
the highest utilities, where k is a parameter set by the user.

As a running example, consider the transaction database in
Table 1 and the profit table in Table 2. For convenience, we
write an itemset {B, C} as BC. In the example database, the
utility of item C in transaction T1 is u(C, T1) = 3 × 1 = 3, the
utility of itemset BC in transaction T1 is u(BC, T1) = u(B,
T1) + u(C, T1) = 4, and the utility of itemset BC in the transac-
tion database is u(BC) = u(BC, T1) + u(BC, T3) = 8. The TU of
T5 is TU(T5) = u(AC, T5) = 13. The utilities of the other trans-
actions are presented in the third column of Table 1. In this
example, the set of top-3 HUIs is {ABCF: 34, AC: 33, ACF:
32}, where the number beside each itemset indicates its utility.

2.2 CE optimization

Like other heuristic algorithms, CE optimization approaches
the optimal values iteratively. The CE method can be used
either for estimating probabilities of rare events in complex
stochastic networks or for solving difficult combinatorial op-
timization problems (COP). In this paper, we determine the
top-k HUIs following the COP methodology.

The classical CE for COPs involving binary vectors is for-
malized as follows [2]. Let y = (y1, y2,…, yn) be an n-dimen-
sional binary vector; that is, the value of yj (1 ≤ j ≤ n) is either
zero or one. The goal of the CE method is to reconstruct the
unknown vector y by maximizing the function S(x) using a
random search algorithm:

S xð Þ ¼ n− ∑
n

j¼1
jx j−y jj: ð1Þ

A naive approach to find y is to repeatedly generate binary
vectors x = (x1, x2,…, xn) until a solution is equal to y, which
leads to S(x) = n. The elements of the trial binary vector x, that
is, x1, x2,…, xn, are independent Bernoulli random variables
with success probabilities p1, p2,…, pn, and these probabilities
comprise a PV p ' = (p1, p2,…, pn). The CE method for COP
consists of creating sequences of PVs p'0, p'1,… and levels γ1,
γ2,…, such that the sequence p'0, p'1, … converges to the
optimal PV, and the sequence γ1, γ2,… converges to the op-
timal performance.

Initially, p'0 = (1/2, 1/2,…, 1/2). For a sample x1, x2,…, xN
of Bernoulli vectors, S(xi) is calculated for all i, and the ele-
ments are sorted in descending order of S(xi). Let γt be a ρ
sample quantile of the performances; that is,

γt ¼ S ρ�Nd eð Þ; ð2Þ

where ⌈ρ ×N⌉ is the smallest integer that is greater than or
equal to ρ ×N. The PV is then updated by

p0t; j ¼
∑
N

i¼1
I S xið Þ≥γtf gI xij¼1f g

∑
N

i¼1
I S xið Þ≥γtf g

; ð3Þ

where j = 1, 2,…, n, xi = (xi1, xi2, …, xin), t is the iteration
number, and I(·) is the indicator function defined as

IE ¼ 1; if E is true
0; otherwise

�
; ð4Þ

where E is an event.
Equation (3) is used iteratively to update the PV until the

termination criterion is satisfied. There are two possible termi-
nation criteria: γt has not changed for a number of consecutive
iterations or the PV has converged to a binary vector.

3 Existing algorithms

3.1 Top-k HUIM

The basic concepts of top-k HUIM were described by Wu
et al. [36]. In contrast to top-k FIM, the utility of an itemset
in top-k HUIM is neither monotone nor anti-monotone. Thus,
the anti-monotonicity-based pruning strategies of top-k FIM
[3, 34] cannot be used directly for top-kHUIM. The first top-k
HUIM algorithm, TKU, introduced the concept of the optimal

Table 1 Example
database TID Transactions TU

1 (A, 1) (B, 1) (C, 1) (F, 2) 19

2 (B, 1) (D, 1) (E, 1) 9

3 (A, 1) (B, 1) (C, 1) (F, 1) 15

4 (C, 3) (D, 2) (F, 1) 17

5 (A, 1) (C, 2) 13

Table 2 Profit table
Item A B C D E F

Profit 7 1 3 2 6 4
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minimum utility threshold to reduce the high computational
complexity incurred using zero as the minimum threshold,
and used a threshold-raising method to improve mining effi-
ciency. Using five threshold-raising strategies and four prun-
ing properties, TKU first generates candidate itemsets and
then filters the actual top-k HUIs, following the two-phase
procedure that is widely used in HUIM algorithms [21].

REPT [25], similar to TKU, is another top-k HUIM algo-
rithm that follows the two-phase methodology. The algorithm
constructs a global tree structure to generate candidate top-k
HUIs using three threshold-raising strategies, and exploits the
exact and pre-evaluated utilities of itemsets with a length of
one or two, to reduce the number of candidates. However,
REPT requires the user to set a parameter N, whose selection
is non-trivial.

The above two-phase algorithms generate a very large
number of candidates, potentially incurring a high execution
time and storage cost. Recent algorithms focus on mining top-
k HUIs directly in a single phase, without generating candi-
dates. The TKO algorithm [33] uses vertical data representa-
tion to transform the original database and uses a utility list
data structure to maintain itemset information during the min-
ing process. Furthermore, TKO uses three pruning strategies
to facilitate the mining process.

kHMC [7] also mines the top-k HUIs in one phase. As in
TKO, kHMC uses a utility list. Furthermore, kHMC proposes
the concept of coverage to raise the intermediate thresholds.
As in other related algorithms, kHMC uses four threshold-
raising strategies and five pruning properties to improve min-
ing speed.

THUI [16] is another algorithm that mines the top-k HUIs
in one phase. THUI uses a leaf itemset utility (LIU) matrix
structure to store the utilities of itemsets. Two threshold-
raising strategies, that is, LIU exact and LIU lower bound
estimation, are used to accelerate mining performance.

For existing top-k HUIM algorithms, the major challenge
that differentiates top-k HUIM from traditional HUIM is the
use of threshold-raising strategies, for both two-phase and
one-phase algorithms; that is, gradually increasing the mini-
mum utility threshold constricts the search space during the
mining process. Thus, new methods that achieve satisfactory
performance without using threshold-raising strategies are
promising for top-k HUIM.

3.2 HUIM using heuristic methods

Inspired by biological and physical phenomena, heuristic
methods are effective for solving combinatorial problems.
Based on stochastic methods, heuristic methods can explore
very large search spaces to find near-optimal solutions.
Heuristic methods have been used to traverse immense candi-
date itemset spaces within an acceptable time for FIM [6] and
HUIM [27].

Two HUIM algorithms based on the genetic algorithm
(GA) were proposed in [13]. The difference between them is
whether a minimum utility threshold is required. Premature
convergence is the main problem of these two algorithms; that
is, the algorithms easily fall into local optima. Zhang et al. also
proposed an algorithm for mining HUIs based on GA, called
HUIM-IGA [39]. For HUIM-IGA, four strategies—
neighborhood exploration, population diversity improvement,
invalid combination avoidance, and HUI loss prevention—are
used to improve the algorithm’s performance.

Particle swarm optimization (PSO) is another heuristic
method used for mining HUIs. HUIM-BPSOsig [20] and
HUIM-BPSO [19] are two PSO-based algorithms for mining
HUIs. HUIM-BPSO outperforms HUIM-BPSOsig using an
OR/NOR-tree structure. HUIM-BPSO-nomut [11] is another
PSO-based algorithm for mining HUIs. In contrast to HUIM-
BPSOsig and HUIM-BPSO, no utility threshold is required for
HUIM-BPSO-nomut.

Wu et al. proposed an algorithm based on ant colony opti-
mization, called HUIM-ACS, for mining HUIs [38]. This al-
gorithm generates a routing graph before all the ants start their
tours. An ant might generate several candidate itemsets during
a tour. Therefore, each node in the routing graph represents a
specific itemset that can be evaluated, to determine whether it
is an HUI. Using this graph both avoids the recalculation of
the utility value for an itemset and enables the algorithm to
check whether all the itemsets have been considered.
Furthermore, this strategy uses positive pruning and recursive
pruning to improve the algorithm’s efficiency.

We also studied the HUIMproblem from the perspective of
the artificial bee colony (ABC) algorithm. The proposed
HUIM-ABC discovers HUIs by modeling the itemsets as nec-
tar sources [26]. For each nectar source, three types of bee—
employed bee, onlooker bee, and scout bee—are used for
sequential optimization within an iteration. During one itera-
tion, the algorithm outputs an itemset when it is verified as an
HUI. This process is executed iteratively until the maximal
number of cycles is reached. In HUIM-ABC, the resulting
itemsets’ lengths are used to generate HUIs as early as
possible.

There are also HUIM algorithms that are based on other
heuristic algorithms, such as wolf optimization [24] and bina-
ry differential evolution [15].

In contrast to the above methods, a general framework
called Bio-HUIF was proposed [27]. In Bio-HUIF, all discov-
ered HUIs, rather than those with a high utility, are propor-
tionally maintained in the next generation. Thus, the popula-
tion is diverse, which is more suitable for the HUIM problem.
Furthermore, Bio-HUIF is also used for discovering high-
average-utility itemsets [28].

In this paper, we solve the top-k HUIM problem using CE
as the central approach. Our approach differs from previous
related heuristic algorithms in two respects. First, most
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existing heuristic algorithms are intended to discover all HUIs,
whereas the aim of our algorithms is to discover top-k HUIs.
Second, most previous heuristic algorithms are based on evo-
lutionary algorithms, whereas CE, the basis of our algorithms,
is intended for estimating probabilities of rare events in com-
plex stochastic networks. Moreover, TKU-CE and TKU-CE+
differ from related exact top-k HUIM algorithms in that no
additional data structures or threshold-raising strategies are
required.

4 Proposed algorithms

In this section, we describe the two algorithms: TKU-CE and
its improved version, TKU-CE+. We first introduce the bit-
map data representation structure and then model the top-k
HUIM problem using the CE method. Finally, we explain
the two proposed algorithms in detail.

4.1 Bitmap item information representation

Understanding the method used to transform the original da-
tabase is essential for understanding the two proposed algo-
rithms. We use a bitmap, which is an effective representation
for item information in FIM and HUIM algorithms, in TKU-
CE and TKU-CE+ to identify transactions that contain the
target itemsets. This representation allows the utility values
of the target itemsets to be calculated efficiently using bitwise
operations.

Specifically, a bitmap cover is used for representing
itemsets. In a bitmap cover, there is one bit for each transac-
tion in the database. If item i appears in transaction Tj, then bit
j of the bitmap cover for item i is set to one; otherwise, the bit
is set to zero. This extends naturally to itemsets. Let X and Y be
two itemsets. Bit(X) corresponds to the bitmap cover that rep-
resents the transaction set for X. Bit(X∪Y) can be computed as
Bit(X)∩Bit(Y), that is, the bitwise-AND of Bit(X) and Bit(Y).

Table 3 shows the bitmap representation of the example
database in Table 1. For example, item B appears in transac-
tions T1, T2, and T3. Hence, the bitmap cover of B, that is,
Bit(B), is <11100>.

4.2 Modeling top-k HUIM based on CE optimization

After transforming the database to a bitmap, it is natural to encode
each solution (itemset) in a binary vector. In this paper, a binary
vector representing an itemset is called an itemset vector (IV).

To discover the top-k HUIs from the transaction database,
we use the utility of the itemset to replace Eq. (1) directly; that
is, for an itemset X:

S Xð Þ ¼ u Xð Þ: ð5Þ

In each iteration t, we sort a sample x1, x2,…, xN in de-
scending order of S(xi) (1 ≤ i ≤ N), and update the sample
quantile γt and PV p't accordingly.

4.3 Proposed mining algorithm: TKU-CE

Algorithm 1 describes the top-k HUIM algorithm TKU-CE.

In Algorithm 1, Step 1 first initializes all the probabilities in
the PV to 1/2; that is, the probability of each bit being one or
zero is 0.5. Then, Step 2 sets the iteration number to one. Next,
the procedure Initialization, described in Algorithm 2, is called
in Step 3. The main loop (Steps 4–15) calculates the top-k
HUIs iteratively. In addition to the maximal number of itera-
tions, the PV becoming a binary vector is also a termination
criterion. With a binary PV, all the N itemsets are the same in
one iteration because each item in each itemset is definitely
one or zero. Consider the following running example. There
are six items: A, B, C, D, E, and F. After several iterations, the
PV converges to (1, 1, 1, 0, 0, 1), and then the itemsets within
the sample are all ABCF because the probabilities of the bits
corresponding to D and E are zero. Step 5 calculates the PV of

Table 3 Bitmap
representation of the
example database

A B C D E F

1 1 1 1 0 0 1

2 0 1 0 1 1 0

3 1 1 1 0 0 1

4 0 0 1 1 0 1

5 1 0 1 0 0 0
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the new iteration. The loop (Steps 6–10) generates N new
itemsets in a bitwise manner. Here, |I| is the number of items
in I. Specifically, for itemset Xi and its jth bit, we randomly
generate a probability pi,j, and then determine the value Xij:

X ij ¼ 1; if pi; j≤p
0
t; j

0; if pi; j > p0t; j

�
: ð6Þ

Step 11 arranges the itemsets in descending order of utility and
renames them S1, S2,…, SN. Step 12 updatesKH, that is, the set of
top-k HUIs, according to the latest sample. Step 13 calculates the
new ρ sample quantile. Step 14 increments the iteration number
by one. Finally, Step 16 outputs all the discovered top-k HUIs.

It should be noted that the number of resulting itemsets of
top-k HUIM may not exactly equal k. As in TKU [36] and
TKO [33], we output the actual results regardless of whether
the number of results is k.

In Algorithm 2, Step 1 first constructs the bitmap represen-
tation of the database. As in Algorithm 1, the loop (Steps 2–6)
initializes the N itemsets of the first iteration. Step 7 sorts the
itemsets in descending order of utility. Step 8 initializes KH
according to the sample in the first iteration. Finally, Step 9
calculates the ρ sample quantile.

Most steps, except Step 1, of Algorithm 2 are similar to
steps in the main loop (Steps 4–15) of Algorithm 1. As the
names of the two algorithms suggest, the most important dif-
ference between Algorithms 1 and 2 is that the latter is the
initialization phase of the former. That is, Algorithm 2 per-
forms the initial actions of the main loop of Algorithm 1.With
the above initialization, the steps in the main loop of
Algorithm 1 are calculated and updated iteratively.

The complexity of TKU-CE depends on the maximum num-
ber of iterations max_iter, the number of transactions N, and the
number of items |I| in a database. Because the relationship be-
tween these three variables is a triple loop, the computational
complexity of TKU-CE in theworst case isO(max_iter ×N× |I|).

4.4 Improved mining algorithm: TKU-CE+

TKU-CE models the top-k HUIM problem directly using CE
optimization, and its performance can be further improved
from the following three observations.

First, all items are considered in the initial stage of TKU-
CE, and the length of the binary vectors is equal to the number
of single items. If we ignore unpromising items in the initial
stage and reduce the length of the IVs, the search space re-
duces and the mining process accelerates.

Second, because the number of top-k HUIs is often signif-
icantly less than the total number of HUIs, it is possible that
not all IVs contribute to the final results equally. If we only
consider the most important IVs and ignore the unpromising
IVs, the mining performance can be improved during the iter-
ative stage.

Third, heuristic-based pattern mining algorithms cannot
ensure the discovery of all the correct results within a certain
number of iterations [6, 19]. The locally optimal solution is
one of the most typical problems encountered by this type of
algorithm. Because increasing the population diversity is an
effective solution [27], improving the diversity of each sample
may also lead to high-quality results, in CE-based top-k
HUIM.

4.4.1 Critical utility value

In this subsection, we propose the critical utility value (CUV)
for pruning unpromising itemsets in the initial stage.

Definition 1 Let I = {i1, i2,…, im} be a finite set of items in
database D and util1, util2,…, utilm be the utility of the m
single items, such that, for any 1 ≤ p < q ≤m, utilp ≥ utilq; we
call utilk the CUV of D, denoted by CUV(D).

FromDefinition 1, the CUV is the k-th highest utility of the
1-itemset. For top-kHUIM, the CUV can be used as a pruning
strategy with the concept of transaction-weighted utilization
(TWU). As defined in [21], the TWU of itemset X is the sum
of the transaction utilities of all the transactions containing X,
that is, TWU Xð Þ ¼ ∑X⊆Td∧Td∈DTU Tdð Þ.

Theorem 1 Let D be a database and ix be a 1-itemset in D. If
TWU(ix) <CUV(D), ix and all itemsets containing ix are not
top-k HUIs.

Proof Let umin be the minimal utility of top-k HUIs in D.
According to the definition of top-k HUIs, umin is also the
k-th highest utility of all itemsets inD. BecauseCUV(D) is the
k-th highest utility of 1-itemsets, CUV(D) ≤ umin.

Because u(ix) ≤ TWU(ix) and TWU(ix) < CUV(D), u(ix) <
CUV(D) holds. Hence, u(ix) < umin, which implies that ix is
not a top-k HUI.

Consider an arbitrary itemset X containing ix, u(X) ≤
TWU(ix) <CUV(D) ≤ umin. Thus, X is not a top-k HUI.

Using Theorem 1, once a 1-itemset is found to have a TWU
that is less than CUV(D), this itemset and all its supersets can
be pruned safely. We call this strategy CUV-based pruning.
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In the running example, TWU(E) = TU(T2) = 9. The TWU
and utility of the six single items are listed in Table 4. If we
want to discover the top-3 HUIs, then CUV(D) = u(F) = 16.
Because TWU(E) <CUV(D), E and all its supersets can be
ignored in the subsequent mining process. Thus, the length
of IVs in TKU-CE is six, whereas the length of IVs in TKU-
CE+ is five.

4.4.2 Sample refinement

For typical itemset mining algorithms based on heuristic
methods, the sample size always remains stable. However,
in contrast to typical HUIM, only the k itemsets with the
greatest utility are required for top-k HUIM, rather than all
itemsets whose utility is no less than the minimum utility
threshold. Compared with typical HUIM, the number of re-
sults of top-k HUIM is small. Thus, the following questions
arise. As the number of iterations increases, do all IVs play the
same role in generating top-kHUIs? Can the number of IVs be
gradually reduced to improve mining performance?

We study this problem from the perspective of IVs whose
utility values are no less than the ρ sample quantile, namely γt.

Definition 2 Let VX be an IV representing itemset X. If
u(X) ≥ γt, we call VX an elite IV. We call a sample that is only
composed of elite IVs an elite sample.

FromDefinition 2, it follows that the size of an elite sample
is no greater than the size of a typical sample used in TKU-CE.
Furthermore, as the number of iterations increases, the size of
an elite sample will gradually decrease. Therefore, the search
space will be reduced accordingly, and the computational cost
will be decreased. We call this strategy the sample refinement
strategy.

4.4.3 Smoothing mutation

In this subsection, we propose the smoothing mutation, to
increase the diversity of the IVs in each iteration.

Mutation is a classical concept in GA that is used to avoid
locally optimal solutions. With mutation, a more diverse pop-
ulation can be generated, which increases the chance of find-
ing a globally optimal solution. Inspired by the idea of muta-
tion, in addition to IVs following PVs, TKU-CE+ also gener-
ates part of the new IVs randomly in each iteration. This is
different from TKU-CE, in which all IVs are generated strictly
with the PVs.

Definition 3 Suppose that a sample x1, x2,…, xN is sorted in
descending order of u(xi); that is, for any 1 ≤ i ≤ j ≤N, u(xi) ≥
u(xj). The smooth factor (SF) α is defined as

α ¼ u x1ð Þ−u x ρ�Nd e
� �

u x1ð Þ � ρ; ð7Þ

where ρ is the parameter used to generate the sample quantile
in Eq. (2).

Using the SF, TKU-CE+ exploits the following strategy to
generate the new sample. For each sample, ⌊N ×α⌋ IVs are
generated randomly and N − ⌊N ×α⌋ IVs are generated with
the current PV, where ⌊N ×α⌋ denotes the greatest integer that
is less than or equal toN ×α. We call this strategy the smooth-
ing mutation.

Consider the running example.We setN = 100 and ρ = 0.2.
Thus, N × ρ = 20. Suppose that, after several iterations,
u(x1) = 34 and u(x20) = 21, so that ⌊N × α⌋=⌊100 × ((34 −
21)/34) ∗ 0.2⌋ = 7. Consequently, using the smoothing muta-
tion, seven IVs are generated randomly, whereas the other IVs
of the next sample are generated following the current PV.

As the number of iterations increases, the PV tends to con-
verge, and the value of (u(x1) − u(x⌈ρ ×N⌉)) also decreases.
Thus, as the number of iterations increases, fewer IVs are
generated from the smoothing mutation.

4.4.4 Algorithm description

Based on the above discussion, TKU-CE+ is described in
Algorithm 3. To minimize repetition, we focus on the parts
that are different from the original TKU-CE.

Algorithm 3 first processes all items to calculate their utility
values and TWUs, and determines CUV(D) in Step 1. Step 2
then deletes items whose TWU is less than CUV(D). Steps 3
and 4 initialize the first PV, generate the first sample, and set
the initial iteration number to one. Similarly to the main loop
in Algorithm 1, the loop (Steps 5–13) updates the PV, new
sample, top-k HUIs, sample quantile, and iteration number, in
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turn. When the loop terminates, the top-k HUIs are output in
Step 14.

In summary, TKU-CE+ improves TKU-CE in three
respects.

First, the CUV is used in TKU-CE+ for pruning unprom-
ising itemsets in the initial stage. With the CUV, the length of
the IVs in TKU-CE+ could be less than that in TKU-CE.
Specifically, the length of the IVs is equal to the total number
of items in TKU-CE, whereas some unpromising items are not
included in the IVs in TKU-CE+. Accordingly, the length of
the PVs also decreases to the same length as that of the IVs.

Second, a sample refinement strategy is added for optimi-
zation during the iterative stage. This strategy only considers
elite IVs in each iteration. Thus, the sample size gradually
decreases as the number of iterations increases, and the com-
putational cost of each iteration is reduced accordingly.

Third, smoothing mutation is used to generate more diverse
IVs. That is, most of the new IVs are generated by the PVs,
whereas a few of the new IVs are generated randomly.

Similarly to Section 4.3, the computational complexity of
TKU-CE+ in the worst case is O(max_iter × N × Len), where
Len is the length of the IVs in TKU-CE+. The difference be-
tween TKU-CE+ and TKU-CE is that Len is no greater than the
total number of items, as a consequence of CUV-based pruning.

5 Experimental results

In this section, we evaluate the performance of our algorithms
and compare them with the TKU [36], TKO [33], and kHMC
[7] algorithms. The source code of TKU and TKO was
downloaded from the SPMF data mining library [9], and the
source code of kHMC was provided by the author.

5.1 Experimental environment and datasets

The experiments were performed on a computer with a 4-core
3.40-GHz CPU and 8 GB of memory running 64-bit
Microsoft Windows 10. Our programs were written in Java.
Six datasets were used to evaluate the performance of the
algorithms. The characteristics of the datasets are presented
in Table 5.

We used three real datasets downloaded from the SPMF
data mining library [9]. The Chess dataset originates from
game steps. The Chainstore dataset is composed of customer
transactions from a major grocery store chain in the USA.
Pumsb is a dataset of census data for population and housing.
These three datasets contain utility information. The other
three datasets are synthetic datasets that do not contain a utility
value or quantity of each item in each transaction. Using a
random transaction database generator provided in SPMF
[9], we generated a random unit profit for items, following a
Gaussian distribution.

For all experiments, the sample number N was set to 2000,
ρ to 0.2, and the maximum number of iterations to 2000.

5.2 Execution time

We assessed the execution time of our algorithms and the
comparison algorithms using a varying number of desired
itemsets (that is, k) for each dataset.

Figure 1(a) shows a comparison between the execution
times of the algorithms on the Chess dataset. As k increased
from 20 to 100, both TKU-CE and TKU-CE+ were slightly
slower than kHMC, but were faster than TKO.We did not plot
the performance of TKU because it did not return any results
after 24 h.

On the extremely sparse dataset Chainstore, both TKU and
TKU-CE had insufficient memory. Therefore, we omitted
their results from Fig. 1(b). As shown in Table 5, there are
46,086 distinct items in Chainstore, and these items are all
considered in the IVs of TKU-CE, leading to memory over-
flow. As a consequence of CUV-based pruning, the IVs of
TKU-CE+ omit unpromising items in the initial stage, which
avoids the memory problem suffered by TKU-CE. Generally,
TKU-CE+ was one order of magnitude faster than TKO, but
was slightly slower than kHMC.

On the other real dataset, Pumsb, neither TKU nor TKO
returned any results after 24 h. Therefore, their results are not
plotted in Fig. 1(c). For the three comparison algorithms, the
execution time of kHMC was between those of the two heu-
ristic algorithms: kHMC was faster than TKU-CE but slower
than TKU-CE+.

Table 5 Characteristics of the datasets

Dataset Avg.Trans.Len #Items #Trans

Chess 37 75 3196

Chainstore 7.23 46,086 1,112,949

Pumsb 74 2113 49,046

T35I100D7k 35 100 7000

T50I150D10k 50 150 10,000

T40I100D20k 40 100 20,000

Table 4 Utility and
TWU of the single items Item Utility TWU

A 21 47

B 3 43

C 21 64

D 6 26

E 6 9

F 16 51
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For the three synthetic datasets (T35I100D7k,
T50I150D10k, and T40I100D20k), both TKU-CE and
TKU-CE+ were faster than the other three algorithms, and
TKU-CE+ was the fastest, as shown in Figs. 1(d), (e), and
(f), respectively. Both TKU-CE and TKU-CE+ were one or-
der of magnitude faster than TKO on T35I100D7k. On
T50I150D10k, TKU-CE was one order of magnitude faster
than TKU, TKO, and kHMC; TKU-CE+ was one order of
magnitude faster than TKO and kHMC, and two orders of
magnitude faster than TKU. On T40I100D20k, TKU-CE
was one order of magnitude faster than TKU and kHMC,
and two orders of magnitude faster than TKO; TKU-CE+
was one order of magnitude faster than kHMC, and two orders
of magnitude faster than TKU and TKO.

To summarize, the two proposed algorithms were always
faster than TKU and TKO, and were faster than kHMC in
most cases, particularly on the three synthetic datasets.

Because CUV-based pruning, sample refinement, and
smoothing mutation were used, TKU-CE+ was faster than
TKU-CE.

5.3 Memory consumption

In this subsection, the memory usage of the five algorithms is
compared. Memory usage was measured using the Java API.
For the reason stated in Section 5.2, not all results were plotted
for Chess, Chainstore, and Pumsb.

As shown in Fig. 2, the two proposed heuristic algorithms
always consumed less memory than the other three algorithms
except on the Chainstore dataset, on which the memory usage
of kHMC was 27.57% less than that of TKU-CE+. This is
because the four threshold-raising strategies and five pruning
properties of kHMC proved effective on this dataset.
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Of the two heuristic algorithms, TKU-CE+ consumed less
memory than TKU-CE on four datasets, but used more mem-
ory than TKU-CE on T35I100D7k and T50I150D10k. The
reason for this phenomenon is that the pruning strategy based
on the CUV had no effect on T35I100D7k and T50I150D10k;
this is further verified in Section 5.4. Compared with TKU-
CE, TKU-CE+ computed the utility and TWU of each item to
perform CUV-based pruning, which led to additional memory
usage. This also occurred on the T40I100D20k dataset, shown
in Fig. 2(f), where TKU-CE+ consumed less memory than
TKU-CE. This is because sample refinement and smoothing
mutation were more effective on this synthetic dataset.

Another interesting result is that the amount of memory
consumed by both TKU-CE and TKU-CE+ was nearly

constant (regardless of the value of k); this demonstrates that
the proposed heuristic algorithms have obvious advantages in
respect of memory consumption.

To summarize, the two proposed heuristic algorithms
consumed less memory than the three exact algorithms,
except on Chainstore. Furthermore, the memory usage of
TKU-CE and TKU-CE+ was nearly constant. This is
because the heuristic algorithms do not use additional
tree or list structures for storing and transforming the
original information, and do not include any threshold-
raising strategies. Thus, compared with the exact algo-
rithms, they are more suitable for the top-k HUIM prob-
lem, without the need for a user-specified minimum util-
ity threshold.
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5.4 Lengths of IVs

As noted in Section 4.4.1, a CUV-based pruning strategy can
avoid unpromising itemsets and reduce the length of IVs. To
verify the effect of this strategy, we compared the lengths of
IVs, and present the results in Table 6.

Table 6 shows that the lengths of IVs of the two algorithms
were the same on the three synthetic datasets, and that the IVs
of TKU-CE+ were no longer than those of TKU-CE on the
three real datasets. The reduction effect (of reducing the
lengths of IVs) was most obvious on the two large datasets,
Chainstore and Pumsb. Furthermore, the effect was more ob-
vious for smaller values of k than for larger values.

5.5 Diversity

To verify the effect of the smoothing mutation proposed in
Section 4.4.3, we used the bit edit distance (BED) [29] to
evaluate the degree of diversity of the mining results. The edit
distance is the minimum number of editing operations—inser-
tion, deletion, or substitution—needed to transform one string
to another. BED(Vi, Vt) is defined as

BED Vi;Vtð Þ ¼ NBits; ð8Þ
where NBits is the number of bitwise-complement operations
to transform from Vi to Vt.

From the definition of BED, the greater the value of
BED(Vi, Vt), the greater the diversity between Vi and Vt. For
example, transforming Vi = <110100> to Vt = <101110> re-
quires three bitwise-complement operations: transform the

second bit from 1 to 0, transform the third bit from 0 to 1,
and transform the fifth bit from 0 to 1. Thus, BED(Vi, Vt) = 3.

Following [29], two types of BED were used in our exper-
iments. Namely, the greatest degree of diversity of all pairs of
IVs, maximal BED (Max_BED), and the average degree of
diversity of all pairs of IVs, average BED (Ave_BED). LetV1,
V2,…, VN be the IVs in one sample. TheMax_BED is defined
as

Max BED ¼ max BED Vi;V j
� �j 1≤ i≤N ; 1≤ j≤N ; i≠ j

� �
: ð9Þ

As we verified in Section 5.4, the lengths of IVs of the two
heuristic algorithms are not always the same. To take account
of this, Ave_BED in this set of experiments is defined as

Ave BED ¼ ∑i∑ j≠iBED Vi;V j
� �

N � N−1ð Þ � sizeof IVð Þ ; ð10Þ

Table 6 Lengths of IVs of the
two heuristic algorithms Chess k 20 40 60 80 100

TKU-CE 75 75 75 75 75
TKU-CE+ 70 72 74 75 75

Chainstore k 3 5 7 9 11

TKU-CE 46,086 46,086 46,086 46,086 46,086

TKU-CE+ 197 399 463 507 615

Pumsb k 5 10 15 20 25

TKU-CE 2113 2113 2113 2113 2113

TKU-CE+ 275 291 309 318 350

T35I100D7k k 20 40 60 80 100

TKU-CE 100 100 100 100 100

TKU-CE+ 100 100 100 100 100

T50I150D10k k 5 10 15 20 25

TKU-CE 150 150 150 150 150

TKU-CE+ 150 150 150 150 150

T40I100D20k k 3 5 7 9 11

TKU-CE 100 100 100 100 100

TKU-CE+ 100 100 100 100 100

Table 7 BED for the Chess dataset

RNI (%) TKU-CE TKU-CE+

Ave_BED Max_BED Ave_BED Max_BED

20 0.0560 30 0.0608 32

40 0.0560 22 0.0608 26

60 0.0560 16 0.0608 18

80 0.0439 9 0.0521 11

100 0.0205 6 0.0349 9
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where sizeof(IV) is the length of IVs. sizeof(IV) is the total
number of distinct items for TKU-CE, and the actual lengths
of IVs for TKU-CE+. This differs from the original definition
in [29], which assumes that all vectors have the same length.
That is, the definition in Eq. (10) takes account of the diversity
in the lengths of the IVs.

Tables 7, 8, 9, 10, and 11 show the comparison results, in
terms of BED, on five datasets for different numbers of itera-
tions. We do not report the comparison results on Chainstore
because TKU-CE had insufficient memory to run on this
dataset. For this set of experiments, we set k = 10 for all five
datasets. Because TKU-CE and TKU-CE+ did not converge
after the same number of iterations, as discussed in
Section 5.8, we use the relative number of iterations (RNI),
which is the percentage of the total number of iterations, for
comparison.

Generally, the top-k HUIs discovered by TKU-CE+ had a
greater Max_BED and Ave_BED than those discovered by
TKU-CE in most cases, for the five datasets. The results dem-
onstrate that the proposed smoothing mutation strategy im-
proved the diversity of the samples. Consequently, execution
speed increased and memory usage was reduced.

5.6 Accuracy

A heuristic top-k HUIM algorithm cannot ensure the dis-
covery of all the correct itemsets within a certain number

of iterations; that is, some itemsets discovered by TKU-
CE and TKU-CE+ may not correspond to the actual top-k
HUIs of the entire dataset. In this subsection, we compare
the percentage of discovered actual top-k HUIs for differ-
ent values of k. We used the kHMC algorithm to discover
the actual complete list of top-k HUIs from the six
datasets. We used the following equation to calculate the
accuracy of the top-k HUIs discovered by TKU-CE and
TKU-CE+:

Acck ¼ CEk=k � 100%; ð11Þ
where CEk is the number of actual top-k HUIs discovered
by our algorithms.

According to the results in Table 12, disregarding the
Chainstore dataset, on which TKU-CE had insufficient mem-
ory, the numbers of times that TKU-CE and TKU-CE+
returned 100% of the true top-k HUIs are 17 and 18, respec-
tively. That is, for these five datasets, TKU-CE and TKU-CE+
achieved an accuracy of 100% in 68% and 72% of cases,
respectively. In 84% of the cases, TKU-CE achieved an accu-
racy of no lower than 95%; in 88% of the cases, TKU-CE+
achieved an accuracy of more than 95%. For the Chainstore
dataset, TKU-CE+ always returned 100% of the true top-k
HUIs. Thus, the results demonstrate that TKU-CE and TKU-
CE+ output most of the actual top-kHUIs in a shorter time and
using less memory.

Table 9 BED for the T35I100D7k dataset

RNI (%) TKU-CE TKU-CE+

Ave_BED Max_BED Ave_BED Max_BED

20 0.0420 31 0.0420 30

40 0.0420 12 0.0308 6

60 0.0241 4 0.0244 6

80 0.0099 3 0.0204 4

100 0.0085 2 0.0184 4

Table 10 BED for the T50I150D10k dataset

RNI (%) TKU-CE TKU-CE+

Ave_BED Max_BED Ave_BED Max_BED

20 0.0280 37 0.0280 39

40 0.0240 8 0.0280 14

60 0.0161 4 0.0176 6

80 0.0124 4 0.0154 4

100 0.0068 2 0.0085 3

Table 11 BED for the T40I100D20k dataset

RNI (%) TKU-CE TKU-CE+

Ave_BED Max_BED Ave_BED Max_BED

20 0.0420 33 0.0420 35

40 0.0410 8 0.0420 11

60 0.0126 4 0.0244 6

80 0.0074 2 0.0231 5

100 0.0067 2 0.0214 4

Table 8 BED for the Pumsb dataset

RNI (%) TKU-CE TKU-CE+

Ave_BED Max_BED Ave_BED Max_BED

20 0.0148 21 0.0144 19

40 0.0105 15 0.0140 13

60 0.0075 11 0.0099 10

80 0.0032 6 0.0086 8

100 0.0019 4 0.0082 7
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5.7 Scalability

In the following experiments, we varied the number of items and
dataset size to evaluate the scalability of the two proposed algo-
rithms when discovering the top-10 HUIs. The datasets were all
generated by the database generator provided in SPMF [9].

We generated a dataset series T30D100k, with the number
of items varying from 100 to 500. As shown in Table 13,
TKU-CE+ always achieved a higher speed and less memory
usage than TKU-CE.

Table 14 shows the scalability of the algorithms when the
number of transactions in T20I100 increased from 100,000 to
500,000. Similarly to the results on a varying number of items,
TKU-CE+ was always faster than TKU-CE, and consumed
less memory, except on the smallest dataset.

From the above discussion, when varying either the num-
ber of items or the dataset size, both TKU-CE and TKU-CE+
show approximately linear scalability.

5.8 Convergence

In this subsection, the convergence time is evaluated for all the
datasets, to demonstrate the effect of the number of iterations.
Because the three exact algorithms TKU, TKO, and kHMC
can discover all HUIs, we only plot the convergence perfor-
mance of the two proposed heuristic algorithms in Fig. 3.

In this set of experiments, as in the others, the performance of
TKU-CE on Chainstore was not plotted because of memory
overflow. For the other five datasets, we can observe that TKU-
CE tends to converge within a smaller number of iterations;
although TKU-CE+ requires more iterations to converge, its total
convergence time is shorter. The reason for this phenomenon is
that TKU-CE+ uses the sample refinement strategy, which often
makes the number of IVs in each iteration no greater than the
number of IVs in each iteration of TKU-CE. However, because
TKU-CE+ takes significantly less time for each iteration than
TKU-CE, the total convergence time of TKU-CE+ is shorter.

Table 12 Accuracy for the six
datasets Chess k 20 40 60 80 100

TKU-CE Acck (%) 100.00 100.00 100.00 97.50 99.00
TKU-CE+ 100.00 100.00 100.00 98.75 97.00

Chainstore k 3 5 7 9 11

TKU-CE Acck (%) – – – – –

TKU-CE+ 100 100 100 100 100

Pumsb k 5 10 15 20 25

TKU-CE Acck (%) 100 100 100 100 96

TKU-CE+ 100 100 100 100 100

T35I100D7k k 20 40 60 80 100

TKU-CE Acck (%) 100.00 95.00 93.33 91.25 88.00

TKU-CE+ 100.00 97.50 93.33 93.75 92.00

T50I150D10k k 5 10 15 20 25

TKU-CE Acck (%) 100 100 100 100 100

TKU-CE+ 100 100 100 100 96

T40I100D20k k 3 5 7 9 11

TKU-CE Acck (%) 100 100 100 100 90.91

TKU-CE+ 100 100 100 100 100

Table 13 Scalability on T30D100k

TKU-CE TKU-CE+

Time(Sec) Memory(MB) Time(Sec) Memory(MB)

T30I100D100k 49.96 177.24 29.01 157.22

T30I200D100k 58.09 173.96 30.78 153.00

T30I300D100k 45.29 244.35 38.08 156.28

T30I400D100k 61.92 401.37 35.14 148.70

T30I500D100k 63.57 426.09 32.37 144.19

Table 14 Scalability on T20I100

TKU-CE TKU-CE+

Time(Sec) Memory(MB) Time(Sec) Memory(MB)

T20I100D100k 51.82 151.87 48.29 188.44

T20I100D200k 174.41 244.89 55.30 239.87

T20I100D300k 123.51 343.68 113.40 283.32

T20I100D400k 154.63 433.86 115.82 414.95

T20I100D500k 160.71 530.61 120.90 487.43

Heuristically mining the top-k high-utility itemsets with cross-entropy optimization



6 Conclusions and future work

In this paper, we proposed two CE-based algorithms, called
TKU-CE and TKU-CE+, to solve the top-k HUIM problem.
In contrast to existing exact top-k HUIM algorithms, they
approach the optimal results using a stochastic method. The
two heuristic algorithms do not use additional tree or list struc-
tures to represent or transform the original information.
Furthermore, the popular threshold-raising strategies are also
avoided in the two heuristic algorithms. The experimental
results on both synthetic and real datasets demonstrated that
TKU-CE and TKU-CE+ are scalable and that they discovered
most actual top-k HUIs with high speed and low memory
usage.

For the two heuristic algorithms, TKU-CE is a base-
line algorithm using CE optimization directly, whereas
TKU-CE+ improves TKU-CE in three respects. First,
TKU-CE+ features a CUV-based pruning strategy to
filter unpromising itemsets at first. As a result, the
search space of the heuristic algorithm is reduced in
the initial stage. Second, TKU-CE+ exploits a sample

refinement strategy to reduce the size of samples grad-
ually. Consequently, the search space is reduced in the
iterative stage. Furthermore, TKU-CE+ uses a smooth-
ing mutation strategy to improve the diversity of the
samples. This helps to solve the problem, common
among heuristic algorithms, that they easily fall into
locally optimal solutions. With these three improve-
ments, TKU-CE+ outperformed TKU-CE in respect of
execution time, memory usage, diversity, accuracy, and
scalability.

In contrast to HUIM, top-k HUIM does not require the
setting of a minimum utility threshold, which is a difficult
task for non-expert users. Thus, top-k HUIM is promising
for a wide range of applications. As we demonstrated in
this paper, top-k HUIM with heuristic methods can dis-
cover most results within an acceptable time. Because of
the high computational cost, it will be interesting in future
to try to use other heuristic methods for mining top-k
HUIs. Furthermore, designing more effective pruning
strategies for mining top-k HUIs heuristically is another
topic of our future work.
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